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1. Hilbert $\mathcal{H}$ 2 positive (definite) $S,$ $T>$
$0$ $S\geq T$ $S,$ $T$ ( ) non-commutative
$A_{1},$
$\ldots$ , $A_{n}>0$ $S=\Phi(A_{1}, \ldots, A_{n}),$ $T=$
$\Psi(A_{1}, . . . , A_{n})$ non-commutative
positive $\Phi(\cdot),$ $\Psi(\cdot)$
$\Phi(A_{1}, \ldots, A_{n})-\Psi(A_{1}, \ldots, A_{n})$ positive
semi-definite positivity
$\langle x|\Phi(A_{1}, \ldots, A_{n})x\rangle\geq\langle x|\Psi(A_{1}, \ldots, A_{n})x\rangle$ $(x\in \mathcal{H})$
2 $\langle x|Ax\rangle$
$A[x]\equiv\langle x|Ax\rangle$
Duffin ([1],[3]) positive $S,$ $T$ ( )
(resistance) $S[x],$ $T[x]$ (current) $x$ ( )
2 (power)
$S\geq T$
$\Phi(A_{1}, \ldots, A_{n})$ $A_{1},$
$\ldots,$
$A_{n}$ (electri-
$c$al) network $x$ (flow) $x$
( )
(Minimum Principle).
$\Phi(A_{1}, \ldots, A_{n})[x]=\inf\{\tilde{\Phi}(A_{1}[x_{1,k}], \ldots, A_{n}[x_{n,k}])$ ; $x_{j,k}(j=1, \ldots, n),$ $k\in\Omega_{j}\}$
$\tilde{\Phi}()$
$\Omega_{j}$ $j$ depend
index set $\Psi(A_{1}, \ldots, A_{n})[x]$ infimum
2 infimum
Lemma 1. $A,$ $B>0$
$A[x]$ $\geq$ $B[x]$ $(x\in \mathcal{H})$ $\Leftrightarrow$ $A\geq B$ $\Leftrightarrow$ $\{\begin{array}{ll}A II B^{-1}\end{array}\}$ $\geq 0$
$\Leftrightarrow A[x]+B^{-1}[y]\geq 2|\langle x|y\rangle|$ $(x, y\in \mathcal{H})$ .
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$\Psi(A_{1}, \ldots, A_{n})^{-1}[y]$ minimum principle
$\inf_{currents}\{\tilde{\Phi}(\cdot)+\Psi^{-1}\sim(\cdot)\}\geq 2|\langle x|y\rangle|$ $(x, y\in \mathcal{H})$
infimum problem $A_{1},$ $\ldots,$ $A_{n}$
$\inf_{A_{1},\ldots,A_{n}}\inf_{mrrents}\{\tilde{\Phi}(\cdot)+\Psi^{-1}\sim(\cdot)\}\geq 2|\langle x|y\rangle|$ $(x, y\in \mathcal{H})$
2 infimum
$\inf_{A_{1},\ldots,A_{n}}\{\tilde{\Phi}(\cdot)+\Psi^{-1}\sim(\cdot)\}\geq 2|\langle x|y\rangle|$ $(x, y\in \mathcal{H})$
infimum problem 2
infimum
2. $A,$ $B$ (series con-
nection) :





$A,$ $B$ (parallel sum) $A:B$
$A:B\equiv(A^{-1}+B^{-1})^{-1}$
$A:B=B:A$ $(A:B):C=A:(B:C)$ $A_{1},$ $\ldots,$ $A_{n}$
$\prod_{j=1}^{n}$ : $A_{j}\equiv A_{1}$ :. . . : $A_{n}$
$\tilde{A+\cdot\cdot+A}n.=nA$
,
$\tilde{A:.}n$. : $A= \frac{1}{n}A$ , $( \sum_{j_{=1}}^{n}A_{j})^{-1}=\prod_{j=1}^{n}:A_{j}^{-1}$ .
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minimum principle
Lemma 2. $A,$ $B>0$
$(A:B)[x]= \inf\{A[y]+B[z];x=y+z\}$ .
$x$ $x=y+z$
$\Phi(A_{1}, \ldots, A_{n})$ $A_{1},$
$\ldots,$
$A_{n}$
$\Phi(A_{1}, \ldots, A_{2})[x]$ infimum
$\Psi(A_{1}, \ldots, A_{n})^{-1}[y]$ infimum
$\Psi(A_{1}, \ldots, A_{n})^{-1}=\Theta(A_{1}^{-1}, \ldots, A_{n}^{-1})$
$\Theta(\cdot)$ $\Theta(\cdot)[y]$ infimum
3. $n$- $\alpha=(\alpha_{1}, \ldots, \alpha_{n})$ (symmetric function
mean) $E_{k,n}(\alpha)(k=0,1, \ldots, n)$ Marcus-Lopes [8]
$E_{k,n}( \alpha)\equiv\frac{e_{k,n},(\alpha)}{e_{k-1n}(\alpha)}$ $e_{0,n}(\alpha)\equiv 1$
$e_{k,n}(\alpha)$ $(\alpha_{1},$
$\ldots,$
$(y_{n})$ $k$- elementary sym-
metric function





$z_{n,n}( A)\equiv n(_{j}\prod_{=1}^{n}$ : $A_{j})$ ( )
well-defined positive $(n-1)$- A$(j)\equiv$
$(A_{1}, \ldots, A_{j-l}, A_{j+1}, \ldots, A_{n})(j=1, \ldots, n)$ $\mathfrak{S}_{k-1,n-1}(A_{(j)})$ $\epsilon_{k,n-1}(A_{(j)})$
$\mathfrak{S}_{k,n}(A)$ $\epsilon_{k,n}(A)$ recursive
$\mathfrak{S}_{k,n}(A)\equiv\sum_{j=1}^{n}\{(\frac{1}{n-k+1}A_{j}):(\frac{1}{k-1}\mathfrak{S}_{k-1,n-1}(A_{(j)}))\}$ $(k=2, \ldots, n)$ ,
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$\mathfrak{s}_{k,n}(A)\equiv\prod_{j_{=1}}^{n}$ : $\{kA_{j}+(n-k)_{5_{k,n-1}}(A_{(j)})\}$ $(k=n-1, \ldots, 1)$ .
A commutative $n$- $\mathfrak{S}_{k,n}(A)=\epsilon_{k,n}(A)$ $E_{k,n}(\alpha)$ $\alpha_{j}=A_{j}$
$\mathfrak{s}_{1,n}(A)=\mathfrak{S}_{1,n}(A)$ $\mathfrak{S}_{n,n}(A)=\epsilon_{n,n}(A)$
Lemma 3.
$\mathfrak{S}_{k,n}(A^{-1})=\epsilon_{n-k+1,n}(A)^{-1}$ $(k=1,2, \ldots, n)$
$A^{-1}\equiv$ $(A_{1}^{-1}, \ldots , A_{n}^{-1})$
Lemma 2 infimum A $\mathfrak{S}_{k,n}(A)$ A $\epsilon_{k,n}(A)$ positively
homogeneous, monotone jointly concave
$\mathfrak{S}_{1,n}(A)\geq \mathfrak{S}_{k,n}(A)\geq \mathfrak{S}_{n,n}(A)$ $(k=1, \ldots, n)$ ,
$\epsilon_{1,n}(A)\geq\epsilon_{k,n}(A)\geq\epsilon_{n,n}(A)$ $(k=1, \ldots, n)$
Anderson-Morley-Trapp [2]
Problem. ?
(a) $\mathfrak{S}_{k,n}(A)\geq\epsilon_{k,n}(A)$ $(k=2, \ldots, n-1)$ ?
(b) $\mathfrak{S}_{k,n}(A)\geq \mathfrak{S}_{k+1,n}(A)$ $(k=2, \ldots , n-1)$ ?
(c) $\epsilon_{k,n}(A)\geq s_{k+1,n}(A)$ $(k=2, \ldots, n-1)$ ?
Lemma 3 (b) (c) A commutative (a)
(b) ([8]).
( )
in mum problem 2









4. $\mathfrak{S}_{2,3}(A)\geq\epsilon_{2,3}(A)$ ([4]) positive
$\mathfrak{S}_{2,3}(A)=\frac{1}{2}\{A_{1}$ : $(A_{2}+A_{3})+A_{2}$ : $(A_{3}+A_{1})+A_{3}$ : $(A_{1}+A_{2})\}$
$5_{2,3}(A)=2\{(A_{1}+A_{2}:A_{3})$ : $(A_{2}+A_{3}:A_{1})$ : $(A_{3}+A_{1}:A_{2})\}$
Lemma 3 $\epsilon_{2,3}(A)^{-1}=\mathfrak{S}_{2,3}(A^{-1})$ Lemma 1
$\mathfrak{S}_{2,3}(A)[x]+\mathfrak{S}_{2,3}(A^{-1})[y]\geq 2|\langle x|y\rangle|$ $(x, y\in \mathcal{H})$ (1)
$x,$ $y$ $\sqrt{2}x,$ $V2y$




index $mod 3$ cyclic $x_{4}\equiv x_{1},$ $x_{5}\equiv x_{2}$








$x,$ $y$ $x_{1},$ $x_{2},$ $x_{3},$ $y_{1},$ $y_{2},$ $y_{3}$ $A_{1},$
$A_{2}$ ,
$A_{3}>0$ $A_{1},$ $A_{2},$ $A_{3}>0$
infimum
Lemma 1 Flanders [7] key
Lemma 4. $\forall x_{1},$ $\ldots,$ $x_{m},$ $y_{1},$ $\ldots,$ $y_{n}\in \mathcal{H}$
$\inf_{A>0}\{\sum_{i=1}^{m}A[x_{i}]+\sum_{j=1}^{n}A^{-1}[y_{j}]\}=2\Vert[\langle x_{i}|y_{j}\rangle]_{i,j}\Vert_{1}$
$[\langle x_{i}|y_{j}\rangle]_{\dot{x},g}$ $x_{i},$ $y_{j}(i=1, \ldots, m;j=1, \ldots, n)$ Gram $\Vert\cdot\Vert_{1}$
trace-norm
$S_{j}\equiv[\{_{x-x_{j+2}}^{x-x_{j+1}}|_{y_{j}\rangle}^{y_{j}\rangle}\langle x_{j}|y_{j}\rangle$ $\{_{x-x_{j+2}|y-y_{j+1}\rangle}^{x-x_{j+1}1y-y_{j+1}\rangle}\langle x_{j}|y-y_{j+1}\rangle$ $\{_{x-x_{j+2}|y-y_{j+2}\rangle}^{x-x_{j+1}|y-y_{j+2}\rangle]}\langle x_{j}|y-y_{j+2}\rangle$ $(j=1,2,3)$
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Lemma 4 (2) $x_{i},$ $y_{j}\in \mathcal{H}(i,j=1,2,3)$
$\sum_{j=1}^{3}\Vert S_{j}\Vert_{1}\geq 2|\langle x|y\rangle$ I $(x, y\in \mathcal{H})$ (3)
trace-norm trivial
$\sum_{j=1}^{3}IS_{j}\Vert_{1}\geq\Vert\sum_{j=1}^{3}S_{j}\Vert_{1}=\sup_{\tau\neq 0}\frac{|Tr(T\cdot\{\sum_{j=1}^{3}S_{j}\})|}{||T\Vert_{\infty}}$
1 $T\Vert_{\infty}$ operator norm (3) $3\cross 3$ $T\neq 0$
$|$Tr$(T \cdot\{\sum_{j_{=1}}^{3}S_{j}\})|\geq 2\Vert T\Vert_{\infty}\cdot|\langle x|y\rangle$ I $(x, y\in \mathcal{H})$ (4)
$\sum_{j}^{3_{=1}}S_{j}$ entry $\sum$ $i=1,2,3$
(1, 1) –entry $=$ $\sum\langle x_{j}|y_{j}\rangle$
(1, 2) –entry $=$ $\langle\sum x_{j}|y\rangle-\sum\langle x_{j}|y_{j+1}\rangle$
(1, 3) –entry $=$ $\langle\sum x_{j}|y\rangle-\sum\langle x_{j}|y_{j+2}\rangle$
(2, 1) –entry $=$ $\langle x|\sum y_{j}\rangle-\sum\langle x_{j}|y_{j+2}\rangle$
(2, 2) –entry $=$ $3 \langle x|y\rangle-\langle x|\sum y_{j}\rangle-\langle\sum x_{j}|y\rangle+\sum\langle x_{j}|y_{j}\rangle$
(2, 3) –entry $=$ $3 \langle x|y\rangle-\langle x|\sum y_{j}\rangle-\langle\sum x_{j}|y\rangle+\sum\langle x_{j}|y_{j+1}\rangle$
(3, 1) –entry $=$ $\langle x|\sum y_{j}\rangle-\sum\langle x_{j}|y_{j+1}\rangle$
(3, 2) –entry $=$ $3 \langle x|y\rangle-\langle\sum x_{j}|y\rangle-\langle x|\sum y_{j}\rangle+\sum\langle x_{j}|y_{j+2}\rangle$
(3, 3) –entry $=$ $3 \langle x|y\rangle-\langle\sum x_{j}|y\rangle-\langle x|\sum y_{j}\rangle+\sum\langle x_{j}|y_{j}\rangle$ .
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trace $Xj,$ $yj$ $<$s $\ovalbox{\tt\small REJECT}$B#x $T$
$T\equiv\{\begin{array}{lll}2 1 1l-1 221 -1\end{array}\}$
$\Vert T\Vert_{\infty}=3$
Tr$(T \cdot\{\sum_{j=1}^{3}S_{j}\})=6\langle x|y\rangle=2\Vert T\Vert_{\infty}\cdot\langle x|y\rangle$
(4) ( )
$T$ $\sum_{j}^{3_{=1}}S_{j}$ entry
trace $\langle x|y\rangle$ $T$ $U_{j}(i=0, \ldots, 4)$ 5
annihilate :
$U_{0}$ $\equiv$ $\{\begin{array}{lll}l 0 00 1 00 0 1\end{array}\}$ $\sum\langle x_{j}|y_{j}\rangle$
$U_{1}$ $=$ $\{\begin{array}{lll}0 -1 00 0 1-1 0 0\end{array}\}$ $\sum\langle x_{j}|yj+1\rangle$
$U_{2}$ $=$ $\{\begin{array}{ll}0 0-1-1 000 10\end{array}\}$ $\sum\langle x_{j}|y_{j+2}\rangle$
$Z$
$U_{3}$ $=$ $\{\begin{array}{lll}0 1 10 -1-1 0 -1-1 \end{array}\}$ $\langle\sum x_{j}|y\rangle$
$U_{4}$ $=$ $\{\begin{array}{ll}00 01-1-1 1 -1-1\end{array}\}$ $\langle x|\sum y_{j}\rangle$
$\langle x|y\rangle$
$W\equiv 3\langle x|y\rangle\cdot\{\begin{array}{lll}0 0 00 1 10 1 1\end{array}\}$
$U_{j}(j=0, \ldots, 4)$ span ( ) $T$
annihilate
$\Vert\sum_{j=1}^{3}S_{j}\Vert_{1}\geq\Vert W/\mathcal{M}\Vert_{1}\geq 2|\langle x|y\rangle|$
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1 $W/\mathcal{M}\Vert_{1}$ $W$ $\mathcal{M}$ quotient norm
$\mathcal{M}$ adjoint operation $T$ selfajoint
Anderson-Morley-Trapp [2] combinatorial
$\mathfrak{S}_{2,3}(A\geq 5_{2,3}(A)$
5. $n$ induction $\mathfrak{S}_{2,n}(A)\geq g_{2,n}(A)$ ([5]).
infimum $\mathfrak{S}_{2,4}(A)\geq \mathfrak{S}_{3,4}(A)$ ([6]). $n=4$
$\mathfrak{S}_{j,4}(A),$ $s_{k,4}(A)(j, k=1, \ldots, 4)$ :
$\mathfrak{S}_{1,4}(A)\geq \mathfrak{S}_{2,4}(A)\geq \mathfrak{S}_{3,4}(A)\geq \mathfrak{S}_{4,4}(A)$ ,
$\epsilon_{1,4}(A)\geq\epsilon_{2,4}(A)\geq \mathfrak{s}_{3,4}(A)\geq \mathfrak{s}_{4,4}(A)$ ,
$\mathfrak{S}_{1,4}(A)$ $=$ $\mathfrak{s}_{1,4}(A)$ , $\mathfrak{S}_{2,4}(A)\geq g_{2,4}(A)$ ,
$\mathfrak{S}_{3,4}(A)\geq\epsilon_{3,4}(A)$ , $\mathfrak{S}_{4,4}(A)=\epsilon_{4,4}(A)$ .
$\mathfrak{S}_{3,4}(A)$ $\epsilon_{2,4}(A)$
( )
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